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Abstract
Consequences of non-standard Higgs couplings in the final-state distributions of the process
e+e− → ZHH are studied. We derive an analytic expression for the differential cross section,
which has in the most general case 9 non-zero functions. These functions are the coefficients
of 9 angular terms, depend on the Higgs couplings, and can be experimentally measured as
observables. Symmetry properties of these 9 functions are carefully discussed, and they are
divided into 4 categories under CP and CPT˜. The relations between our observables and the
observables which exist in the literature are also clarified. We numerically study the depen-
dence of our observables on the parameters in an effective Lagrangian for the Higgs couplings.
It is shown that these new observables depend on most of the effective Lagrangian parameters
in different ways from the total cross section. A benefit from longitudinally polarized e+e−
beams is also discussed.
1 Introduction
One of the main targets of experiments at future e+e− colliders is the measurement of the trilinear
self-coupling λH of the Higgs boson [1–5]. The process e
+e− → ZHH is expected to be the best
reaction to measure λH in the earlier stage of experiments [6–16] (i.e. the center-of-mass energy√
s ' 500 GeV) for the discovered Higgs boson with mass ' 125 GeV [17, 18]. The process is
sensitive to the couplings HHZZ [19] and HHZγ, too, which cannot be accessed through single
Higgs boson production processes such as e+e− → ZH.
Due to its importance, many authors have investigated the process. The total cross section
in the standard model (SM) was calculated for the first time in ref. [19]. This work was followed
by several studies [20, 21]. These papers numerically calculated various distributions of the final
particles, too. The one-loop radiative corrections to the process were calculated in refs. [22, 23].
The total cross section in the minimal supersymmetric extension of the SM [24–28], that in
composite Higgs models [29, 30] and that in other several new physics models [31] have also been
studied in detail. Refs. [25–27] included the analytic form of the 2 Higgs energy distributions.
The accuracy of measuring λH through the process e
+e− → ZHH at future e+e− colliders has
been studied in refs. [6–16] by assuming that all the other couplings are the SM values. The
expected constrains on several parameters (including parameters which affect λH) in an effective
Lagrangian have been discussed in refs. [32–35]. Ref. [33] included the analytic form for the
invariant mass distribution of the 2 Higgs bosons.
Most of the above studies, however, restricted themselves to the total cross section as inputs
from the experiments. This will not be a problem, if one intends to determine only one parameter
such as λH . However, if one intends to determine more than one parameters at the same time
as studied in refs. [32–35], measuring only the total cross section is not enough and one needs to
consider other observables such as the invariant mass distribution of the 2 Higgs bosons [33, 34].
The purpose of this paper is to introduce such observables in a rather different way. We find 9
observables as the coefficients of 9 angular terms in the differential cross section, one of which
is directly related to the total cross section. The other 8 observables have not been studied
in the literature. Symmetry properties of the 9 observables are clarified, and they are divided
into 4 categories under CP and CPT˜ [36]: 4 even-even, 1 even-odd, 2 odd-even and 2 odd-odd.
The CP-odd observables directly measure CP non-conservation and the CPT˜-odd observables
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Figure 1: Left: The coordinate system in the c.m. frame of the colliding e+e− beams. The four-momentum
and helicity of each particle are shown in parenthesis. A single object as the sum of the two Higgs bosons
is represented by 2H, whose four-momentum is qµ. The direction of ~q is chosen as the z-axis and the ~p1×~k
direction as the y-axis. Right: The coordinate system in the c.m. frame of the two Higgs bosons (i.e. the
rest frame of qµ). The parametrization of the four-momenta in this frame is given in eq. (2.2).
re-scattering effects. To our knowledge, any CP-odd and/or CPT˜-odd observables in this process
have not been constructed so far.
This paper is organized as follows. In Section 2, we explain kinematics of the process e+e− →
ZHH. In Section 3, we give an analytic expression for the differential cross section. The differential
cross section has 9 non-zero functions in the most general case and these 9 functions can be
measured experimentally. We re-derive the analytic forms of the observables which exist in the
literature and have been widely used, such as the invariant mass distribution of the 2 Higgs bosons.
We show that all of these observables are directly related to just one of our 9 functions. The
analytic form of the Z boson polar angle distribution is also derived. In Section 4, the symmetry
properties of the 9 functions are studied. In Section 5, we form observables in terms of our 9
functions and numerically study the dependence of these observables on the parameters in an
effective Lagrangian for the Higgs couplings. We show that our new observables depend on most
of the effective Lagrangian parameters in different ways than the total cross section. It is also
shown that the sensitivity of the CPT˜-odd observable can be significantly enhanced by means of
longitudinally polarized e+e− beams. Section 6 summarizes our findings.
2 Kinematics
Our coordinate system in the center-of-mass (c.m.) frame of the colliding e+e− beams is described
in Figure 1 1. The four-momentum and helicity of each particle are shown in parenthesis. A single
object as the sum of the two Higgs bosons is represented by 2H, whose four-momentum is qµ.
We choose the direction of ~q as the z-axis and the ~p1 × ~k direction as the y-axis. The scattering
p1 + p2 → k + q takes place in the x-z plane. The polar angle of the Z boson from the electron
momentum direction is denoted by Θ. Because we neglect the e± masses and e− and e+ always
construct a four-vector in our process, the helicity of e+ is always opposite to that of e−. In this
coordinate system, the four-momenta can be parametrized as follows:
pµ ≡ (p1 + p2)µ = (E, 0, 0, 0),
pµ1 =
E
2
(
1, sin Θ, 0,− cos Θ),
pµ2 =
E
2
(
1,− sin Θ, 0, cos Θ),
kµ = (w, 0, 0,−l),
qµ = (q1 + q2)
µ = (E − w, 0, 0, l), (2.1)
1Figures 1, 2, 3, 4 are drawn by using the program JaxoDraw [37].
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Figure 2: Feynman diagrams for e+e− → ZHH with our effective Lagrangian eq (5.1). The four-
momentum of each particle is shown in parenthesis.
where E is the e+e− c.m. energy, w is the energy of the Z boson: w = (E2 +m2Z−Q2)/(2E) where
Q2 = q · q, −l is the momentum of the Z boson: l = √w2 −m2Z , and qµ1,2 are the four-momenta of
the two Higgs bosons. We parametrize qµ1,2 in the rest frame of q
µ as
qµ = (q1 + q2)
µ = (Q, 0, 0, 0),
qµ1 =
(
Q/2, r sin ξ cosφ, r sin ξ sinφ, r cos ξ
)
,
qµ2 =
(
Q/2,−r sin ξ cosφ,−r sin ξ sinφ,−r cos ξ), (2.2)
where r =
√
Q2/4−m2H . Since we cannot distinguish the two Higgs bosons, we define the regions
of the angles as 0 ≤ ξ ≤ pi/2 and 0 ≤ φ ≤ 2pi and identify the Higgs boson whose momentum
along the z-axis is positive as the Higgs boson that has qµ1 . The four-momenta q
µ
1,2 in our e
+e−
c.m. frame can be easily obtained by a single boost along the positive direction of the z-axis:
qµ1 =
(
E − w
2
+
l
Q
r cos ξ, r sin ξ cosφ, r sin ξ sinφ,
l
2
+
E − w
Q
r cos ξ
)
, (2.3a)
qµ2 =
(
E − w
2
− l
Q
r cos ξ,−r sin ξ cosφ,−r sin ξ sinφ, l
2
− E − w
Q
r cos ξ
)
. (2.3b)
We introduce the four-momenta tµ and uµ of the intermediate Z boson or the photon γ in the
diagrams (2) and (3) of Figure 2, respectively:
tµ = (k + q1)
µ
=
(
E + w
2
+
l
Q
r cos ξ, r sin ξ cosφ, r sin ξ sinφ,− l
2
+
E − w
Q
r cos ξ
)
,
uµ = (k + q2)
µ
=
(
E + w
2
− l
Q
r cos ξ,−r sin ξ cosφ,−r sin ξ sinφ,− l
2
− E − w
Q
r cos ξ
)
. (2.4)
3 Differential cross section
We present an analytic expression for the differential cross section by assuming non-standard Higgs
couplings. The effective Lagrangian, from which we obtain the Higgs couplings, will be given
in Section 5. The Feynman diagrams contributing to the scattering amplitudes of the process
e+e− → ZHH with our non-standard Higgs couplings are shown in Figure 2. It is an easy task to
derive the scattering amplitudes in terms of the kinematic variables defined in Section 2. We find
that the amplitude-squared summed over the Z boson helicity λ for a given electron helicity τ has
the following form in the most general case:∑
λ=±,0
|Mλτ |2 =F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)+ F3 cos Θ + F4 sin Θ cosφ+ F5 sin 2Θ cosφ
+ F6 sin
2 Θ cos 2φ+ F7 sin Θ sinφ+ F8 sin 2Θ sinφ+ F9 sin
2 Θ sin 2φ, (3.1)
where the Θ and φ dependences are completely factorized and the 9 functions Fi as the angular
coefficients are independent on these two angles: Fi = Fi(τ,Q, ξ)
2. The 9 functions Fi depend on
2The functions Fi depend on the e
+e− c.m. energy (i.e. E in our notation), hence Fi = Fi(τ,Q, ξ, E) is the
more appropriate expression. However, we regard E as a fixed value and do not write E explicitly in the arguments
of functions throughout the paper.
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the Higgs couplings. The 9 functions Fi can be experimentally determined by measuring the angles
Θ and φ, therefore used to study the Higgs couplings. For an approach to isolate the functions,
see eqs. (3.28) and (3.29) of ref. [38]. By means of eq. (3.1), the complete differential cross section
for a given electron helicity τ is given by
dσ(τ)
dΩ
≡ dσ(τ)
d cos ΘdQ2d cos ξdφ
=
1
1024pi4
l
E3
√
1− 4m
2
H
Q2
∑
λ=±,0
|Mλτ |2. (3.2)
By performing the integration over φ, we obtain the analytic form of the cos Θ distribution:∫ 2pi
0
dφ
dσ(τ)
dΩ
=
1
512pi3
l
E3
√
1− 4m
2
H
Q2
[
F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)+ F3 cos Θ], (3.3)
where the other 6 terms were eliminated by the integration. The numerical studies of the cos Θ
distribution in the literature e.g. [8,34] actually probe the 3 coefficients, which can be obtained by
integrating eq. (3.3) over Q2 and cos ξ:
dσ(τ)
d cos Θ
=
∫ (E−mZ)2
4m2H
dQ2
∫ 1
0
d cos ξ
∫ 2pi
0
dφ
dσ(τ)
dΩ
=
∫ (E−mZ)2
4m2H
dQ2
∫ 1
0
d cos ξ
1
512pi3
l
E3
√
1− 4m
2
H
Q2
[
F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)+ F3 cos Θ].
(3.4)
By further integrating eq. (3.3) over cos Θ, we obtain
dσ(τ)
dQ2d cos ξ
=
∫ 1
−1
d cos Θ
∫ 2pi
0
dφ
dσ(τ)
dΩ
=
1
192pi3
l
E3
√
1− 4m
2
H
Q2
F1, (3.5)
where the other 2 terms were eliminated by the integration. From this, we can easily obtain the
analytic form of the Q2 distribution which has been numerically studied e.g. in refs. [9, 14] and
that of the cos ξ distribution which ref. [7] mentions can be a good observable for measuring λH :
dσ(τ)
dQ2
=
∫ 1
0
d cos ξ
1
192pi3
l
E3
√
1− 4m
2
H
Q2
F1, (3.6a)
dσ(τ)
d cos ξ
=
∫ (E−mZ)2
4m2H
dQ2
1
192pi3
l
E3
√
1− 4m
2
H
Q2
F1. (3.6b)
The total cross section for a given electron helicity τ is given by
σ(τ) =
∫ (E−mZ)2
4m2H
dQ2
∫ 1
0
d cos ξ
1
192pi3
l
E3
√
1− 4m
2
H
Q2
F1. (3.7)
We introduce the scaling variables
x1 =
2q01
E
, x2 =
2q02
E
. (3.8)
Note that q01 and q
0
2 are defined in eq. (2.3). By straightforward variable conversions in eq. (3.5),
we obtain
dσ(τ)
dx1dx2
=
1
192pi3
F1 (3.9)
which has been derived in refs. [25–27] and
dσ(τ)
dQ2d(t · t) =
1
192pi3E4
F1 (3.10)
which has been derived in ref. [33]. Note that the phase space region 0 ≤ ξ ≤ pi/2 (see below
eq. (2.2) corresponds to x1 ≥ x2 and t · t ≥ u · u. The four-momenta tµ and uµ are defined in
eq. (2.4). We emphasize that the observables which exist in the literature and are re-derived above
in eqs. (3.6), (3.7), (3.9) and (3.10) are directly related to the function F1, which is just one of the
9 functions in the differential cross section.
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Figure 3: The states after the CP transformation are shown. At the second step, a rotation around the
y-axis by pi is performed. The helicity of each particle is shown in parenthesis.
4 Symmetry properties
The conditions imposed by symmetries lead to constraints on some of the 9 functions Fi. The
picture in Figure 3 shows the original states and the states after the charge-conjugation (C) and
parity (P) transformation. After the CP transformation, the states are simply rotated around the
y-axis by pi and we make the four-momentum qµ come back to the original position. Note that we
always have a freedom of performing 3-dimensional spatial rotations. While qµ is unchanged, the
four-momenta qµ1 and q
µ
2 are changed by the CP transformation and the rotation as
qµ1 =
(
E − w
2
+
l
Q
r cos ξ, r sin ξ cosφ, r sin ξ sinφ,
l
2
+
E − w
Q
r cos ξ
)
,
−−→
CP
(
E − w
2
+
l
Q
r cos ξ,−r sin ξ cosφ,−r sin ξ sinφ,− l
2
− E − w
Q
r cos ξ
)
,
−−−−−→
Rotation
(
E − w
2
+
l
Q
r cos ξ, r sin ξ cosφ,−r sin ξ sinφ, l
2
+
E − w
Q
r cos ξ
)
. (4.1)
Notice that only the y-component of qµ1 changes sign, which indicates that the azimuthal angle φ
is 2pi − φ after the transformations. Therefore, CP invariance leads to the following relation for
the differential cross section:
dσ(τ,Θ, Q, ξ, φ) = dσ(τ,Θ + pi,Q, ξ, 2pi − φ), (4.2)
where the one on the left hand side corresponds to the original states shown in the the left picture of
Figure 3 and the one on the right hand side corresponds to the states after the CP transformation
and the rotation shown in the the right picture of Figure 3. The explicit form of the right hand
side of this equation is, from eqs. (3.1) and (3.2), given by
dσ(τ)
d cos ΘdQ2d cos ξdφ
=
1
1024pi4
l
E3
√
1− 4m
2
H
Q2
[
F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)− F3 cos Θ
− F4 sin Θ cosφ+ F5 sin 2Θ cosφ+ F6 sin2 Θ cos 2φ
+ F7 sin Θ sinφ− F8 sin 2Θ sinφ− F9 sin2 Θ sin 2φ
]
. (4.3)
Let us remind that Fi are independent on Θ and φ, thus they have the same forms in the both
sides of eq. (4.2) 3. In eq. (4.3), we observe that the 4 terms of the 9 terms change sign. These
terms, namely the F3, F4, F8 and F9 terms, are CP-odd. The 4 functions F3, F4, F8 and F9 must
be zero if CP is conserved. In other words, observation of non-zero values in these 4 functions
signals CP non-conservation.
Secondly, the picture in Figure 4 shows the original states and the states after the C, P and
time-reversal transformation without interchanging the initial and final states (i.e. it does not
reverse the time flow from the initial state to the final state). We denote it by T˜. CPT˜ invariance
leads to the following relation for the differential cross section:
dσ(τ,Θ, Q, ξ, φ) = dσ(τ,Θ + pi,Q, ξ, φ), (4.4)
3We actually perform the rotation in order to make all of Fi invariant. Some of Fi are not invariant without the
rotation. Even without the rotation, however, our conclusion that the F3, F4, F8 and F9 terms are CP-odd should
remain the same, as long as physics is invariant under 3-dimensional spatial rotations.
5
Z(λ)
2H
e−(τ )
Θ
e+(−τ )
CPT˜
e−(τ )
2H
e+(−τ )
Z(−λ)
Θ + pi
Figure 4: The states after the CP and time-reversal transformation without interchanging the initial and
final states (T˜) are shown. The helicity of each particle is shown in parenthesis.
Functions Symm. properties beam pol.
CP CPT˜
F1 + + -
F2 + + -
F3 − − ◦
F4 − − ◦
F5 + + -
F6 + + -
F7 + − ◦
F8 − + -
F9 − + -
Table 1: Symmetry properties of the 9 functions in the differential cross section. The symbol + (−)
means that the function is even (odd) under CP or CPT˜. Observation of non-zero values in the CP-odd
functions signals CP non-conservation. Observation of non-zero values in the CPT˜-odd functions indicates
the existence of re-scattering effects. The symbol ◦ in the last column indicates that the function can be
suppressed without polarized e+e− beams.
where the one on the left hand side corresponds to the original states shown in the the left picture of
Figure 4 and the one on the right hand side corresponds to the states after the CPT˜ transformation
shown in the right picture of Figure 4. The explicit form of the right hand side of this equation is,
from eqs. (3.1) and (3.2), given by
dσ(τ)
d cos ΘdQ2d cos ξdφ
=
1
1024pi4
l
E3
√
1− 4m
2
H
Q2
[
F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)− F3 cos Θ
− F4 sin Θ cosφ+ F5 sin 2Θ cosφ+ F6 sin2 Θ cos 2φ
− F7 sin Θ sinφ+ F8 sin 2Θ sinφ+ F9 sin2 Θ sin 2φ
]
, (4.5)
where we observe that the 3 terms of the 9 terms change sign. These terms, namely the F3, F4, and
F7 terms, are CPT˜-odd. The 4 functions F3, F4, and F7 must be zero if CPT˜ is conserved. In other
words, observation of non-zero values in these 3 functions signals CPT˜ violation, which indicates
the existence of re-scattering effects [36]. In Table 1, we summarize the symmetry properties of
the functions. Notice that F3 and F4 are both CP-odd and CPT˜-odd. Once we experimentally
confirm that both the CP-odd functions (i.e. F8 and F9) and the CPT˜-odd function (i.e. F7) are
small, we may ignore F3 and F4 since these are doubly suppressed.
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5 Numerical studies
We obtain non-standard Higgs couplings to the Higgs boson itself, the Z boson and the photon γ
from the following effective Lagrangian [39]:
Leff =
(
1 + δ1)m
2
Z
H
v
ZµZ
µ +
∑
V=Z,A
{
δV2
H
v
ZµνV
µν + δV3
1
v
[
(∂µH)Zν − (∂νH)Zµ]Vµν + δ˜V4 Hv Zµν V˜ µν}
+
(
1 + δ5)m
2
Z
H2
2v2
ZµZ
µ +
∑
V=Z,A
{
δV6
H2
2v2
ZµνV
µν + δV7
H
v2
[
(∂µH)Zν − (∂νH)Zµ]Vµν + δ˜V8 H22v2Zµν V˜ µν}
+ δAA2
H
v
AµνA
µν + δ˜AA4
H
v
AµνA˜
µν − m
2
H
2v
(1 + δ9)H
3 + δ10
H
v
(∂µH)2, (5.1)
where Vµν = ∂µVν − ∂νVµ, V˜ µν = 12µνρσVρσ with our convention 0123 = +1, and v is the vacuum
expectation value of the Higgs field: v−2 =
√
2GF . All of the 18 coefficients δi are zero at the tree
level in the SM. The 5 operators whose coefficients are δ˜V4 , δ˜
V
8 and δ˜
AA
4 are CP-odd and the other
13 operators are CP-even. If both the CP-even operator(s) and the CP-odd operator(s) exist,
the theory is not CP conserving. If we consider the SU(2) × U(1) gauge invariant dimension six
operators which consists of the gauge boson fields and the Higgs doublet field, there are 8 CP-even
operators and 5 CP-odd operators [39, 40] which contribute to the Higgs couplings relevant to
our process and their effects can be expressed as their contributions to our 18 coefficients δi. In
addition, 2 CP-even operators affect our process through the renormalization of the SM parameters
and the external Z and Higgs fields [39]. Feynman diagrams for the process e+e− → ZHH with
this effective Lagrangian have been already shown in Figure 2. We have 12 diagrams maximum.
We integrate the differential cross section in eq. (3.2) over Q2 and cos ξ:
dσ(τ)
d cos Θdφ
= F1
(
1 + cos2 Θ
)
+ F2
(
1− 3 cos2 Θ)+ F3 cos Θ + F4 sin Θ cosφ+ F5 sin 2Θ cosφ
+ F6 sin2 Θ cos 2φ+ F7 sin Θ sinφ+ F8 sin 2Θ sinφ+ F9 sin2 Θ sin 2φ, (5.2)
where
Fi(τ) =
∫ (E−mZ)2
4m2H
dQ2
∫ 1
0
d cos ξ
1
1024pi4
l
E3
√
1− 4m
2
H
Q2
Fi(τ,Q, ξ). (5.3)
Let us remind that the total cross section is directly related to F1(τ):
σ(τ) =
16
3
piF1(τ). (5.4)
We assume unpolarized e+e− beams and define observables as
Ai ≡
∑
τ Fi(τ)∑
τ F1(τ)
. (5.5)
The symmetry property of Ai is the same as that of the corresponding function Fi. We note the
advantages of the observables Ai:
• Some of systematic uncertainties such as the luminosity uncertainty cancel.
• We expect that Fi (i = 2, 3, · · · , 9) depend on the Higgs couplings in different ways from
F1 (i.e. the total cross section) so that Fi (i = 2, 3, · · · , 9) provide us different information
on the Higgs couplings. The observables Ai have the form that is sensitive to the difference
between Fi (i = 2, 3, · · · , 9) and F1 in the dependence on the Higgs couplings.
For our numerical results, we set E = 500 GeV, mZ = 91.188 GeV, ΓZ = 2.5 GeV, mH = 125.5
GeV, ΓH = 0 GeV and e =
√
4piα with α = 1/128. We assume that the Z boson and the
Higgs bosons can be reconstructed. The phase space integration is performed with the program
BASES [41].
We numerically study the dependence of Ai on the parameters in our effective Lagrangian. The
single Higgs couplings to vector bosons such as HZZ may be precisely determined by measuring
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Figure 5: A2, A5 and A6 are shown as deviations caused by adding non-zero parameters δ9 (solid curve),
δ10 (dashed curve), δ
Z
6 (dotted curve) and δ
Z
7 (broken curve). In the left panel the parameters take positive
values, and in the right panel the parameters take negative values.
the polarization of the Z boson in the process e+e− → ZH [39, 42–44]. Therefore, we focus on
the dependence on the parameters which cannot be accessed by single Higgs boson production
processes. We choose as a benchmark point
δZ2 = δ
A
2 = δ
AA
2 = −δZ3 = −δA3 = −0.05. (5.6)
The other parameters are set zero. The total cross section with this choice is in agreement with
the SM value within 10%. In Figure 5, the observables A2, A5 and A6 are shown as deviations
caused by adding non-zero parameters δ9 (solid curve), δ10 (dashed curve), δ
Z
6 (dotted curve) and
δZ7 (broken curve). In the left panel the parameters take positive values, and in the right panel the
parameters take negative values. The results show that A2,5,6 depend little on δ9. This indicates
that F2,5,6 have the similar dependences on δ9 as F1. The results also show that A2,5,6 depend
largely on δ10, δ
Z
6 and δ
Z
7 . This indicates that the observables F2,5,6 depend on these parameters
in different ways from the total cross section. In the left panel of Figure 6, the CP-odd observables
A8 and A9 are shown as deviations caused by adding non-zero CP-odd parameters δ˜
Z
8 (solid
curve) and δ˜Z8 = δ˜
A
8 (dashed curve). The results show that A8,9 approach to zero as the CP-odd
parameters become small, as expected. These observables are non-zero only when CP is violated.
(Even if re-scattering effects exist, these observables are identically zero as long as CP is conserved.)
Due to the existence of the overall τ in the functions F3, F4 and F7, the corresponding observ-
ables A3, A4 and A7 can be suppressed. Longitudinally polarized e
+e− beams will be useful to
study these 3 functions. We define observables as
Bi ≡
(1 + P−)(1− P+)Fi(+) + (1− P−)(1 + P+)Fi(−)
(1 + P−)(1− P+)F1(+) + (1− P−)(1 + P+)F1(−)
, (5.7)
where P− (−1 ≤ P− ≤ 1) and P+ (−1 ≤ P+ ≤ 1) denote the degrees of longitudinal polarization
of the electron and the positron, respectively. We choose (P−, P+) = (−0.8, 0.3) [1]. In the right
panel of Figure 6, the CPT˜-odd observables A7 and B7 are shown as deviations caused by adding
non-zero imaginary parts in the parameters δZ6 (solid curve) and δ10 (dashed curve)
4. For the
results in this panel, we choose as a benchmark point
δZ2 = δ
Z
6 = −δZ3 = −δZ7 = δ10 = 0.1, (5.8)
and the other parameters are set zero. The total cross section with this choice is in agreement
with the SM value within 30%. The results show that B7 > A7, i.e. the sensitivity to re-scattering
4Re-scattering effects can be approximately included by allowing imaginary parts in the Higgs couplings [36].
8
10
-3
10
-2
10
-1
-0.2
-0.1
0
0.1
0.2
δ˜8
Z
(—), δ˜8
Z
=δ˜8
A
(- - -)
Α8
Α9
10
-3
10
-2
10
-1
0
-0.1
-0.2
Im[δ6Z] (—), Im[δ10] (- - -)
Α7
Β7
Figure 6: Left: CP-odd observables A8 and A9 are shown as deviations caused by adding non-zero
parameters δ˜Z8 (solid curve) and δ˜
Z
8 = δ˜
A
8 (dashed curve). Right: CPT˜-odd observables A7 and B7 are
shown as deviations caused by adding non-zero imaginary parts in the parameters δZ6 (solid curve) and δ10
(dashed curve).
effects can be significantly increased by means of longitudinally polarized e+e− beams 5. These
observables are non-zero only when re-scattering effects exist. (Even if CP is violated, these
observables are identically zero unless re-scattering effects exist.) Note that the SM predictions in
these CPT˜-odd observables are non-zero. The decay width in the Z boson propagators contributes
to these observables, since it indeed reflects the re-scattering effect of the light fermions in the
propagating Z boson. The contribution is, however, negligibly small as we can observe in our
results (i.e. A7 and B7 approach to identically zero as the imaginary part of δ
Z
6 or that of δ10
becomes small.).
6 Summary
In this paper, we have derived the analytic expression for the differential cross section that
in the most general case has the 9 non-zero functions Fi (i = 1, 2, · · · , 9), for the process
e+e− → ZHH. The functions Fi are the coefficients of the 9 angular terms, depend on the
Higgs couplings, and can be experimentally measured as observables. We have re-derived the
analytic forms of the observables which exist in the literature and have been widely used.
We have found that all of these observables are directly related to F1, which is just one of
our 9 functions. We have derived, for the first time, the analytic form of the Z boson polar
angle Θ distribution, which is related to 3 of our 9 functions: F1, F2 and F3. We have
divided the 9 functions into 4 categories under CP and CPT˜: 4 even-even (F1, F2, F5, F6),
1 even-odd (F7), 2 odd-even (F8, F9) and 2 odd-odd (F3, F4). This result is summarized in Table 1.
We have introduced an effective Lagrangian for non-standard Higgs couplings to the Higgs boson
itself, the Z boson and the photon, and numerically studied the dependence of Fi (this is obtained
by integrating Fi over Q
2 and cos ξ; see eq. (5.3)) on the parameters in the effective Lagrangian.
For this purpose, we have formed new observables Ai and Bi (eqs. (5.5) and (5.7)) in terms of Fi.
These observables are defined in such way that the differences between Fi (i = 2, 3, · · · , 9) and
F1 in the dependence on the Higgs couplings become apparent. Since F1 is directly related to the
total cross section (eq. (5.4)), by means of Ai and Bi, we can learn whether Fi (i = 2, 3, · · · , 9)
provide us different information about the Higgs couplings than the total cross section or not.
We have found that the 3 observables F2,5,6 have the similar dependences on the constant shift
of the trilinear self-coupling of the Higgs boson (i.e. δ9 in eq. (5.1)) as the total cross section,
while they have quite different dependences on the other CP-even parameters (i.e. δ10, δ
Z
6 and δ
Z
7 )
5This benefit from polarized beams, however, becomes less clear when HZγ, Hγγ and/or HHZγ couplings are
turned on, due to the interference between the diagrams exchanging the Z boson and those exchanging the photon.
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than the total cross section. This is shown in Figure 5. The 2 CP-odd observables F8,9 and the
CPT˜-odd observable F7 clearly have advantages over the total cross section in determining CP-odd
parameters and in observing re-scattering effects, respectively, since the total cross section is both
CP-even and CPT˜-even. We have shown that the CP-odd observables F8,9 directly measure CP
violation, by showing that F8,9 approach to identically zero as the CP-odd parameters (i.e. δ˜Z8 and
δ˜A8 ) become small. This is shown in the left panel of Figure 6. Finally, we have shown that the
use of longitudinally polarized e+e− beams can enhance the ability of the CPT˜-odd observable F7
which measures re-scattering effects. This is shown in the right panel of Figure 6.
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